We study the energy spectrum of forced two-dimensional turbulence in a doubly periodic domain damped by a general (linear) dissipation and driven by a forcing, for which the characteristic wavenumber either approaches, or fluctuates in time about, a constant. It is shown that the energy spectrum We theoretically exhaust all possible power laws of the energy spectrum for
I. INTRODUCTION
It has long been recognized that the results from numerical simulations of forceddissipative two-dimensional (2D) Navier-Stokes turbulence are incompatible with the classical theory of turbulence formulated by Kraichnan [10] , Leith [13] , and Batchelor [1] (hereafter referred to as KLB). First, the dual cascade picture, in which energy and enstrophy are, respectively, predicted to undergo an inverse and direct cascade, has only been confirmed for transient evolution from spectrally localized initial conditions. There is no conclusive evidence of this dynamical behavior for systems in forced-dissipative (statistical) equilibrium with a fully developed turbulent spectrum. Second, evidence for the scalings k −5/3 and k −3 of the energy spectrum with respect to wavenumber (with a logarithmic correction that is often omitted in this paper for convenience; see Kraichnan [11] and Bowman [4] ) as predicted by the KLB theory remains elusive. Attempts to verify the KLB theory have led researchers to introduce ad hoc dissipation mechanisms for numerical purposes. However, with these artificial devices, the numerical predictions are still controversial (and of course less meaningful in the sense of verifying the KLB theory). It is notable that individual realizations of the k −5/3 and k −3 ranges are claimed to be observed by a number of authors, e.g.
Maltrud and
Vallis [16] , Borue [3] , and Boffetta et al. [2] , Lindborg and Alvelius [15] ; however, these authors consider systems with a large-scale dissipation mechanism (mechanical friction or inverse viscosity) together with the usual molecular viscosity or hyperviscosity, not a Navier-Stokes fluid. In particular, the k −3 scaling reported in [15] is simulated with an inverse viscosity and a hyperviscosity.
It should be noted that the KLB theory was originally meant to apply to an unbounded fluid. The dynamics that Kraichnan envisioned is only in quasi-equilibrium: the spectrum is driven by an external forcing and continuously evolves from an initial peak to larger scales by an inverse cascade. A number of numerical simulations have been performed to verify the theory in that sense (e.g. Lilly [14] ). In such simulations the spectrum obtained at a certain time (say, at the instant where the injected energy reaches the largest available scale)
is compared with that predicted by Kraichnan [10] . This comparison makes the unjustified assumption that the transient dynamics of a finite system will resemble the dynamics of an infinite system. Over the years, that sense of the theory has somewhat eroded. As a matter of fact, recent works on 2D turbulence, including the theoretical studies mentioned below, refer to Kraichnan's spectrum in the context of forced-dissipative equilibrium in a finite domain; in numerical studies, a large-scale energy sink is used to mimic the transfer of energy to ever-larger scales in an infinite domain. In other words, the infinite system is "modelled" by a finite system with an artificial large-scale dissipation. It does not seem fruitful to argue about the validity of such "models"; we instead examine the applicability of the KLB theory in the context of forced-dissipative equilibrium with arbitrarily large
Reynolds numbers, leaving the problem of an infinite domain as a "singular" case.
Recently, Constantin et al. [6] and Tran and Shepherd [20] (hereafter referred to as TS)
rigorously showed that the KLB picture is indeed unrealizable for forced-dissipative 2D
Navier-Stokes turbulence driven by a monoscale forcing, a forcing which is an eigenfunction of the Stokes operator. Moreover, TS shows that for a 2D Navier-Stokes fluid driven by a monoscale-like forcing, most of the dissipation of enstrophy occurs in the vicinity of the characteristic forcing wavenumber, precluding the existence of an enstrophy-cascading inertial range. Consequently, a power-law energy spectrum in the wavenumber range greater than the forcing wavenumber must scale as k −β where β > 5. Another notable result of TS is that the addition of a mechanical friction could give rise to a dual cascade, but the k
scaling is unrealizable in the enstrophy-cascading range. In order to achieve this scaling, it is necessary to invoke an inverse viscosity.
In this paper we reconsider the results of TS for a general dissipation operator and examine in detail how the energy spectrum in the wavenumber range smaller than the forcing wavenumber affects the energy spectrum in the wavenumber range greater than the forcing wavenumber and vice versa. We essentially consider the type of forcing studied by TS (monoscale-like), although a somewhat different hypothesis for the forcing will be introduced. For notational convenience we shall refer to the wavenumber range smaller (greater) than the characteristic forcing wavenumber as the energy (enstrophy) range. The enstrophy range (not necessarily containing most of the enstrophy) extends to a viscous wavenumber cutoff, which will be defined in subsequent sections. We rigorously show that the dissipation operator plays a fundamental role in the spectral distribution of energy and enstrophy and thereby in the existence of their cascades. In general, we will demonstrate that certain dissipation operators do not give rise to certain spectral slopes, thus confirming the results of TS, on the one hand, and generalizing their results, on the other hand. We also explore the fact that strong hyperviscosity can shorten the enstrophy range and examine to what extent this might affect the spectral slope and the existence of an enstrophy cascade in the enstrophy range. By inverse (direct) energy (enstrophy) cascade, in the context of forced-dissipative equilibrium, we mean that the dissipation of energy (enstrophy) primarily takes place in the lower (higher)-wavenumber end of the range.
In particular, we show for the dissipation function D(k) = ν µ k 2µ , where the coefficient of viscosity ν µ is positive and the degree of viscosity µ is non-negative, that the spectral slope in the enstrophy and energy ranges are, respectively, steeper than −(3 + 2µ) and shallower than −(1 + 2µ), provided that these ranges are sufficiently wide. This implies that neither an inverse energy cascade nor a direct enstrophy cascade is possible. We also show that a direct enstrophy cascade can only be realized if the enstrophy range is cut short by the viscous range under the effects of strong viscosity and/or hyperviscosity (µ > 1). Such a cascade would also entail an inverse energy cascade if the enstrophy range is wider than the energy range. It should be emphasized that this picture of a dual cascade is only a possibility; we do not show that the cascades are actually realized. Next, we show that the
, where µ ′ < µ and µ ≥ 0, could allow a dual cascade with various energy spectra, depending on the relative strengths and degrees of viscosity of the two dissipation mechanisms. However, it is argued that the enstrophy-cascading range has slopes steeper than −3 for µ ′ ≥ 0 and that the k −3 scaling can only be approached for µ ′ < 0 as a limiting case.
After these theoretical considerations we numerically verify several predictions of TS and of the present analysis. The focus is on the unrealizability of a dual cascade and the corresponding energy spectrum for a Navier-Stokes fluid, i.e.
that could give rise to a direct enstrophy cascade are examined.
II. GOVERNING EQUATIONS
We consider the motion of 2D incompressible fluid confined within a doubly periodic rectangular domain Ω. This boundary condition is convenient for numerical analysis but not crucial to our theoretical considerations. In fact, the theoretical results in this paper also apply to the case of a non-slip boundary condition. The 2D Navier-Stokes equations, which govern the fluid motion, are written in abstract form in a function space H as
where D is the dissipation operator, assumed to be linear, and f is the forcing. A detailed description of the functional analysis setting for (1) is given by Constantin and Foias [5] or
Temam [18, 19] . We recall that H is the L 2 -space of periodic, non-divergent functions with vanishing average in Ω and B(u, u) = P ((u · ∇)u) where P is the orthogonal projection in L 2 onto H. We denote by H α the domain of definition of A α/2 for real α, where A = −P ∆ is the Stokes operator, which naturally appears when D = −P ∆ for a Navier-Stokes fluid.
The (degenerate) positive eigenvalues of A are denoted by k 2 with k being the wavenumber, and the eigenspace of A corresponding to k 2 is denoted by H(k).
The scalar product and the norm in H α are given respectively by
The cases where α = 0, 1, 2 are special and the corresponding quadratic quantities ||u|| 2 (the subscript 0 is omitted), ||u|| 
for u, w ∈ H 1 and v ∈ H. These identities arise by virtue of the non-divergent and periodic properties of the velocity field. In particular, we have
(Au, B(u, u)) = 0.
The above identities, particularly the last two, are known as the orthogonality properties of the nonlinear term. In the absence of forcing and dissipation, they give rise to the conservation of energy and enstrophy.
In this study f is assumed to satisfy
for some real number s. Note that (Au, f ) = (u, Af ) and (u, f ) are, respectively, the enstrophy and energy injection rates. The time-independent monoscale body force f ∈ H(s), for an eigenvalue s 2 of A, considered by Constantin et al. [6] is a special case. Another example given in TS is f = k∈K cP (k)u/ ||P (k)u|| 2 , where P (k) is the projection onto H(k), K is a restricted set of wavenumbers, and c is a positive constant. For this forcing the energy and enstrophy injection are both constant in time and s is the root-mean-square wavenumber over the set K. For both examples the integrand of (8) identically vanishes.
White-noise forcing over K is not known a priori to satisfy our requirement, but in practice (8) does seem to hold for a value of s close to the root-mean-square wavenumber over K. The theoretical results in this work do not depend on how widespread in wavenumber space the forcing is. However, we only consider forcing supported by a narrow band of wavenumbers, within which lies the forcing wavenumber s. This type of forcing is considered by Kraichnan (see also Pouquet et al. [17] and Lesieur [12] , p.291), who assumes an energy input ǫ, confined to k ≈ s, and an enstrophy input s 2 ǫ. We note, however, that there might exist forces over a restricted set of wavenumbers K for which s might be much larger than the maximum wavenumber in K, as considered by Constantin et al. [6] . This would require the fluid to respond persistently against some small-wavenumber components of the forcing, creating an energy sink in K. Effectively, this type of forcing would inject energy at wavenumbers in the vicinity of the large-wavenumber end of K, and enstrophy at much larger wavenumbers.
The existence (or nonexistence) of this type of forcing is an interesting research topic, as it appears to be the only scenario for which the KLB picture could be realized in finite systems.
III. EQUILIBRIUM EQUATION
Taking the scalar product of (1) with (A − s 2 )u we obtain an evolution equation
where the nonlinear term vanishes due to the orthogonality properties. It is shown in TS that
. For a general D we require that (1) is well posed, i.e. both energy and enstrophy are bounded.
Taking the time average of (9), in view of our forcing hypothesis (8), we obtain
This means that the integrand of (10) either fluctuates about or asymptotically approaches zero. (We do not find it necessary to invoke an absolute equilibrium.) Following TS we define the statistical equilibrium states to be those satisfying ((s 2 − A)u, Du) = 0. This equation can be rewritten in the form
where D(k) is the spectral dissipation function and E(k) is the energy spectrum. It is convenient to write this equation in an approximate integral form,
or equivalently
Equation (13) describes a balance between the energy and enstrophy dissipation. On physical grounds, this balance must be reached if statistical equilibrium is to be achieved (as there is an a priori balance between the energy and enstrophy injection, cf. (8)). This equation will be referred to as the equilibrium equation and is the theme of our present work. We now discuss several implications of (13) on the energy spectrum. To facilitate the analysis we introduce the notion of a viscous wavenumber k ν and viscous range k > k ν . Let k ν be defined by
This definition can be made more quantitative by replacing "≫" by "=" and introducing an absolute proportionality constant. However, there is no need for a precise definition of k ν in the arguments to follow. This definition provides a convenient method of determining
dκ versus k, as will be seen in the next section. We note that k ν need not be large if the spectrum of D(k)E(k) is steeper than
For the rest of this paper we assume a power-law form for the enstrophy-range energy spectrum. The same assumption is made for the energy range in most instances.
The equilibrium equation implies that the energy spectrum in the energy range is related to that in the enstrophy range in an intimate manner. In general, given a forcing wavenumber s and a dissipation function D(k), the energy spectrum in one range strongly constrains the other (except possibly for cases where D(k) identically vanishes over parts of these ranges, as considered in some numerical simulations). Consider for example the case of a Navier-Stokes fluid (i.e. D(k) ∝ k 2 ), for which there exists no simultaneous energy range k −5/3 and enstrophy range k −3 (see Constantin et al. [6] and TS). Moreover, the k
scaling in the energy range is inconsistent with the hypothesis that energy dissipation occurs mainly at the large scales. Hence, this power law is incompatible with the picture of an inverse energy cascade, as remarked by TS.
It is noteworthy that it is the product D(k)E(k) not E(k) itself that enters (13) . Hence, two different dissipation mechanisms, in general, might not give rise to the same energy spectrum. For a given D(k), an increase of energy in the energy range requires an increase of energy in the enstrophy range. Thus, a steeper (shallower) spectrum in the energy range corresponds to a shallower (steeper) spectrum in the enstrophy range, given a fixed value E(s).
For a general D(k), in order to have a shallow spectrum in the enstrophy range it is necessary that D(k)E(k) be large in the energy range. We note that this condition may not be fulfilled by simply raising D(k) in the energy range as this practice might decrease E(k)
in that range, so that the net gain in the integral on the left-hand side of (13) might not be sufficient. Another option to make the spectrum in the enstrophy range shallower is to decrease D(k) in that range. However, this might cause k ν to increase, so that the net gain of the spectral slope (if any) in the enstrophy range only comes after a compensation for the increase in k ν . These heuristic arguments turn out to be close to what is observed in numerical simulations. They pose a tough constraint on attempts to make the energy spectrum shallow in the enstrophy range by employing an inverse viscosity or other dissipation mechanism confined to the energy range.
Still concerning how the enstrophy range could possibly be made shallower, we argue that hyperviscosity would be a promising option. With a hyperviscosity, D(k) in the enstrophy range can be decreased as much as desired, while sufficiently strong dissipation will remain at the small scales if we choose an appropriately small coefficient and high degree of viscosity. Presumably, this practice simultaneously makes D(k) in the enstrophy range small and keeps k ν from increasing. Achieving this would certainly makes the spectrum in the enstrophy range shallower according to (13) , provided that the left-hand side of (13) The contributions to (13) of the wavenumbers in the vicinity of the forcing wavenumber s tend to cancel out because of the factor (k 2 − s 2 ). Hence, when dealing with (13) one may approximate the spectrum in this region with negligible error. However, approximating the spectrum for either k ≪ s or k ≫ s (especially for k ≪ s where the spectrum is large) may lead to considerable error in (13) . Also, because of the factor (k 2 − s 2 ), the spectrum of
should not be asymptotically shallower than k −3 , as this scaling would make the right-hand side of (13) 
(this is the requirement for well-posedness of the system), the slope of E(k) should be steeper than −(3 + ǫ). We note that the scaling k −3 has been elusive to numerical simulations of 2D turbulence. However, this scaling is reported in the simulations of Lindborg and Alvelius [15] and Borue [3] , for carefully designed D(k). We argue that this scaling is an ultimate limit that is realizable only under the most favorable conditions.
IV. SPECTRAL DISTRIBUTION OF ENERGY
We now explore in detail the possible forms of E(k) for various D(k). Suppose that E(k) = ak −α for k 0 < k < s and E(k) = bk −β in the range s < k < k ν for some k 0 ≥ 1. In principle k 0 can be as small as unity and k ν may be infinite or finite. In any case we often require that k 0 ≪ s ≪ k ν . We further assume that the spectrum is "continuous" at s, i.e.
as −α = bs −β . We consider all possible values of α and β under these assumptions, leaving the question of realizability for further studies, most plausibly by numerical methods. Some typical forms of D(k) will be studied. First, we consider (i)
This form of D(k) corresponds to D = ν µ A µ and will be examined in more detail. Second, In the following discussion, we ignore the spectral contribution outside of the range (13) . Neglecting the contribution beyond k ν is reasonable given (14) . In the case where 
which is equivalent to, by the change of variable κ = k/s,
Analysis of this equation with the forms of D(k) mentioned above is the focus of this section.
Case (i):
First we deal with the case D(k) = ν µ k 2µ for µ ≥ 0. In this case the coefficient ν µ cancels out in (16) . Also, note that the amplitude of the forcing does not appear explicitly in (16) either (as it does not appear in the equilibrium equation). However, these parameters are expected to play a determining role for E(k). Nevertheless, we do not attempt to explore how E(k) depends on them in this paper. Substituting this form of D(k)
into (16), we obtain with yet another change of variable,
Equation (17) admits restricted values of α and β, for given values of k 0 /s and s/k ν . We start by considering the case k 0 /s = s/k ν , including the limit k 0 /s = s/k ν → 0. Since the
, is a strictly decreasing function of θ, it is easy to see that the powers of κ on both sides of (17) have to be the same. So the following must hold,
where ǫ is positive in the limit k 0 /s = s/k ν → 0 but otherwise could be non-positive. We choose to express α and β in this form so that ǫ > 0 corresponds to the realization of neither a direct enstrophy nor inverse energy cascade and ǫ < 0 corresponds to a dual cascade. Note that ǫ = 0 allows for a direct enstrophy cascade but forbids an inverse energy cascade.
It is often seen in numerical simulations of 2D turbulence with hyperviscosity that exponential decay of the energy spectrum sets in at a relatively moderate wavenumber. Therefore, in order to be complete, we consider two distinct possibilities: (a) k 0 /s > s/k ν and (b) k 0 /s < s/k ν . The former case is likely to correspond to systems forced at low wavenumbers and/or damped by weak viscosity of moderate degree, while the latter case might be realizable in systems forced at high wavenumbers and damped by strong hyperviscosity. From the analysis in the last paragraph the following must be true
Again ǫ > 0 in (19) if s/k ν = 0. It is clear that in order to obtain a shallower spectrum in the enstrophy range one would need either a steeper energy-range spectrum or a narrower enstrophy range.
Expression (19) It is notable that numerical simulations of 2D turbulence, including the ones reported in the next section, have not been able to produce a spectral slope as steep as α = 1 + 2µ in the energy range. Thus, an inverse energy cascade has not been realizable for this type of dissipation function. If this is the case, then β must be greater than 3 + 2µ for (a) and is likely to remain so for (b).
There remains the question of the possibility of the k −3 scaling in the enstrophy range.
Obviously, the hunting ground for a shallow spectrum in the enstrophy range is the regime µ → 0. However, it is expected that s/k ν → 0 as µ → 0 since there is no viscosity in that limit to kill off the high-wavenumber contributions to the energy spectrum. If that is the case, then the k −3 scaling is not achievable, according to (19) and the remark thereafter.
Finally, we note that different degrees of viscosity yield different dynamical behaviors
(different values of α, β, k 0 /s, and s/k ν ). In particular, a system with viscosity of higher degree yields steeper spectra in both the energy and enstrophy ranges than a system with viscosity of lower degree, provided that the ratios k 0 /s and s/k ν between the two systems do not differ considerably. Note that this comparison does not refer at all to the energy of the two systems.
to (17) we have, after substituting this form of D(k) into (16) and changing the variable of integration,
This equation is nothing but the sum of two individual equations of the form (17) corresponding to µ ′ and µ, weighted, respectively, by ν µ ′ s 2µ ′ and ν µ s 2µ . Of course, for µ ′ < 0, such an equation no longer represents equilibrium states of any fluid system. However, we take the equation as it stands in the following argument. Suppose (α µ ′ , β µ ′ ) and (α µ , β µ ) solve, respectively, equation (17) for µ ′ and µ. Then the solution (α, β) of (21) must satisfy
This implies that the addition of a viscosity of lower degree to a fluid system damped by a viscosity of higher degree tends to make the energy spectrum shallower (in both the energy and enstrophy ranges), provided that the new and original systems have similar ratios k 0 /s and k ν /s. Again, this comparison does not refer to the energy of the two systems. The question is to what extent this effect can occur. It is clear at this point that the combination
can only yield β > 3 (also see TS). In fact, Maltrud and
Vallis [16] find β ∼ 3.5 in their simulations, in which friction is only employed in the energy range. It is interpreted from our results that steeper spectra would be found in [16] if friction were not so restricted. Equally clear is the fact that a hypoviscosity cannot do better than mechanical friction in making the spectrum of the enstrophy range shallow. Hence, we are particularly interested in the spectral slope in the enstrophy range of a system already damped by a viscosity, in the presence of an inverse viscosity.
Let us consider (21) with µ ′ < 0. There are now two contributing factors to making the slope of the enstrophy range shallower than −(3 + 2µ). One is the presence of the inverse viscosity and the other is the supposed effects of hyperviscosity, as mentioned earlier. We caution that the assumption of the scaling k −α for the entire energy range may be unrealistic in the presence of an inverse viscosity. However, this assumption seems to be acceptable, as we can always adjust k 0 and hence k 0 /s (and possibly also the slope, in the case where E(k) > ak −α ) to make the power law a close approximation. We examine a tractable problem of this general case, which gives a sense of how an inverse viscosity could "cancel" a viscosity in order to raise the slope of the enstrophy range. Let us consider the case µ = −µ ′ and the two dissipation channels have the same strength at the forcing wavenumber, i.e.
as it rapidly drops from k = 1 and remains small for most of the interesting region of wavenumber space, only to rise rapidly again at sufficiently high wavenumbers.) Equation (21) then reduces to
Note that the arguments in the previous case regarding the integrals of (17) are equally applicable to (23) and that (18), (19) , and (20), upon replacing µ with 0, apply. Namely, we have
As far as these interlocked constraints on α and β are concerned, the absence of the degree of viscosity in them is a manifestation of the "cancellation" between the two dissipation channels.
It is worthwhile to elaborate on the new µ-independent constraints above. As in case (i), in order for β to be small it is necessary that α be large and/or the enstrophy range be narrow. In particular, if k 0 /s = s/k ν then β + α = 4. The question is whether a negative slope in the energy range (i.e. α > 0) is realizable in the presence of this strong inverse viscosity. Our numerical evidence seems to indicate a negative answer, at least for µ ′ ≈ −1.
Nevertheless, considerable reduction of β (from ≈ 3 + 2µ) can be achieved with an inverse viscosity.
Finally, we consider the possibility of the k −3 scaling in the enstrophy range from another perspective. Our familiar hunting ground for a shallow spectrum in the enstrophy range is the limit µ → 0. As in the previous discussion, we assume s/k ν = 0 since there is no viscosity. Equation (21) reduces to
The finiteness of this equation requires β > 3. This is the same bound on β as for the case of friction alone. We recall that the spectral slopes of a system damped by friction alone are steeper than those of a system damped by inverse viscosity and friction in combination.
Hence, the inclusion of an inverse viscosity together with friction could allow β to approach 3 from above, but β = 3 is an unachievable limit. Perhaps a logarithmic correction factor would be sufficient for this scaling to be realized.
V. ENERGY SPECTRUM: NUMERICAL SIMULATIONS
An important property of the equilibrium equation is that it is not affected by wavenumber truncation. This is so because the orthogonality properties of the nonlinear term do not refer at all to the spectral composition of the velocity field. Therefore, a spectrally truncated model will reach equilibrium after a sufficiently long time. In order for this equilibrium to represent approximately the dynamics of the infinite-dimensional system, it is necessary that k ν , as determined by (14) with the upper limit of integration on the right-hand side replaced by a truncation wavenumber k T , be sufficiently smaller than k T . To make this truncation criterion more quantitative we define the (time-dependent) function
Note that Γ(k T ) vanishes identically for all time and Γ(1) either approaches or fluctuates about zero in equilibrium. Our truncation criterion requires that Γ(k) be sufficiently flat
It is interesting to note that for a given set of physical parameters, insufficient resolution (i.e. k ν ≈ k T ) results in a shallower spectrum in the enstrophy range than expected for a system with finer resolution, provided that the spectrum in the energy range is not significantly affected by the spectrum in the region k > k T . This observation is straightforward from the equilibrium equation, as k ν ≈ k T would imply that the spectral contribution beyond k T to (13) is significant.
We now present several numerical simulations to illustrate the theoretical conclusions drawn in the last section. Optimized two-dimensional dealiased pseudospectral calculations were performed using the general-purpose object-oriented C ++ code Triad, which provides a robust adaptive time stepping mechanism for integrating generic initial value problems.
The time-averaged energy spectra was computed by augmenting the Navier-Stokes equation with the second-moment equations for the velocity field (with respect to time) and using a fifth-order Cash-Karp-Fehlberg Runge-Kutta integrator to advance the entire system of equations. The pseudospectral code was carefully validated both by comparison to a direct convolution code and by demonstrating inviscid relaxation to states of statistical equipartition of linear combinations of the modal energies and enstrophies [9, 10] .
We ran simulations with 683×683 dealiased modes 1 using three different types of forcing:
(i) monoscale forcing at wavenumber s = 10, (ii) f = k∈K cP (k)u/||P (k)u|| 2 , as mentioned in Section II, where K = [9, 11] (which yields s = √ 99.625), and (iii) white-noise bandlimited forcing over K = [9, 11] , which also yields s ≈ 10. However, it was observed that there are no significant discrepancies among the steady-state spectra obtained with these different types of forcing, provided that the other physical parameters are the same. As a consequence, we choose to report here the results corresponding to the second type of forcing, for which the ratio of the rates of energy injection ǫ I = c k∈K 1 and enstrophy injection ζ I = c k∈K k 2 is constant in time. In all simulations we choose ǫ I = 0.04; this makes ζ I ≈ 4.
The choice s = 10 gives s/k 0 = 10 for k 0 = 1. The physical parameters were tuned in each case so that the value k ν for which Γ(k ν ) ≈ 0 (where k T = 341) falls in the range [200, 300] . This makes k ν /s ∈ [20, 30] . These ranges are narrow due to limited resolution; nonetheless we find them sufficient for our purposes. The simulations were run from a nearly k −1 spectrum until an equilibrium was reached. As previously mentioned, equilibrium is characterized by Γ(1) fluctuating about zero. Once this behavior was observed, the simulations were continued for an extended time interval, over which Γ(k) and E(k) were averaged.
1. For D(k) ∝ k 2µ we show the results for µ = 1/2 and µ = 1. We choose ν 1/2 = 0.02 for the hypoviscosity run and ν 1 = 0.0006 for the molecular viscosity run. Figures 1 and 2 show, respectively, the graphs of (a) Γ(1) vs. t and (b) Γ(k) and E(k) vs. k for µ = 1/2 and µ = 1. We observe that α ≈ 0 (1) and β ≈ 5.3 (5.5) in 1(b) (2(b)). We also observe that the values of α and β in both figures deviate considerably from (18) . However, this is due to a sharp drop of the spectrum immediately after the forcing wavenumber s = 10 and thus the deviation is fully accountable. These spectra imply that the dissipation of energy and enstrophy occurs mainly in the vicinity of the forcing wavenumber s = 10, excluding both the energy and enstrophy cascade. Note that the spectrum for µ = 1/2 is shallower (in both the energy and enstrophy ranges) than that for µ = 1, as expected. This choice of ν 0 and ν 1 yields ν 0 /(ν 1 s 2 ) = 10, which assures that friction dominates in the energy range. Figure 3 shows the graphs of (a) Γ(1) vs. t and (b) Γ(k) and E(k) vs. k. The energy range in Fig. 3(b) can be best approximated by a positive slope; this clearly implies that no inverse energy cascade is present. The spectral slope in the enstrophy range is seen to be ≈ −4.5 and is not sufficiently shallow to allow for a direct enstrophy cascade. We note that considerable reduction of β (β < 4) can be easily achieved in our simulations by making the ratio ν 0 /(ν 1 s 2 ) ≫ 1. However, we find that the gain in the spectral slope of the enstrophy range is not sufficient to allow for a clear direct enstrophy cascade, as most of the enstrophy dissipation (due in a large part to friction, as its domination over viscosity extends well into the enstrophy range) still occurs in the vicinity of s. We do not know whether or not a direct enstrophy cascade is realizable for some large value of the ratio ν 0 /(ν 1 s 2 ), as anticipated by TS. This question and others, arisen from the present analysis but left unexplored due to limited resolution, will be addressed in future work. in the energy range a positive slope even larger than in the case of friction (cf. Fig. 3(b) ).
Hence, stronger dissipation in the energy range does not necessarily lead to much gain in the integral on the left-hand of (13), just as anticipated earlier. The spectrum in the enstrophy range thereby does not get much shallower either (only slightly shallower than −4.5). Like the previous case, this spectrum renders no clear possibility of an enstrophy cascade because of the huge drop of the spectrum immediately after the forcing wavenumber s = 10.
VI. CONCLUDING REMARKS
In this paper we have rederived a result of Constantin et al. [6] and Tran and Shepherd [20] , an equilibrium equation that constrains the asymptotic behavior of the 2D NavierStokes equations driven by a forcing, the characteristic wavenumber of which either approaches a constant (or is identically constant) or fluctuates about a constant in time, and damped by a general dissipation operator. Given this type of forcing, it is argued that the dissipation operator plays a crucial role in the spectral distribution of the energy and enstrophy. As a matter of fact, the interlocked relationship between the energy spectrum and the spectral dissipation function in the equilibrium equation renders stiff constraints on the spectral scaling laws of the former, given the latter. We numerically verified several theoretical predictions and pointed out the forms of the dissipation function that could give rise to the KLB scaling laws.
Qualitative behavior of the spectral scaling of the energy can be readily deduced from the equilibrium equation (13) . It is argued that the enstrophy-range spectrum could be made shallower either by maximizing the integral
(for k > s), or minimizing k ν . Since we have no a priori control over E(k), the former is in the enstrophy range and shallower than −(1+2µ) in the energy range, provided that these ranges are sufficiently wide. As a consequence, neither an inverse energy cascade nor a direct enstrophy cascade is permitted. In any case, the spectral slope of the enstrophy range is close to −(3 + 2µ), for µ > 0, and is steeper than −3 (perhaps, by a logarithmic correction term), for µ = 0. An interesting result is that a viscosity of lower degree yields a shallower spectrum (in both the energy and enstrophy ranges) than a viscosity of higher degree, provided that the two systems have similar ratios k 0 /s and s/k ν . For D(k) = ν µ ′ k 2µ ′ + ν µ k 2µ , where µ ′ < µ and µ ≥ 0, it is demonstrated that inverse viscosity could "cancel" viscosity, in the sense that the enstrophy range would become significantly shallower than −(3 + 2µ) under the effects of the former dissipation channel.
We have addressed the realizability of the scaling k −3 (with a logarithmic correction term) of KLB theory. It is shown that this is the least favorable scaling in the sense that it could only be realizable under the most favorable conditions. To possibly simulate this spectrum one needs to employ mechanical friction instead of viscosity. Inclusion of inverse viscosity together with mechanical friction enhances the realizability of this scaling. The k −3 scaling is shown to be the ultimate limit, which is nonetheless unachievable.
Several numerical simulations, all of which support our theoretical results, have been 
